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Geometrical Anisotropy in
Biphase Particle Reinforced
Composites
Particle shape plays a crucial role in the design of novel reinforced composites. We
introduce the notion of a geometrical anisotropy index A to characterize the particle
shape and establish its relationship with the effective elastic constants of biphase com-
posite materials. Our analysis identifies three distinct regions of A: (i) By using ovoidal
particles with small A, the effective stiffness scales linearly with A for a given volume
fraction �; (ii) for intermediate values of A, the use of prolate particles yield better
elastic properties; and (iii) for large A, the use of oblate particles result in higher
effective stiffness. Interestingly, the transition from (ii) to (iii) occurs at a critical aniso-
tropy Acr and is independent of �. �DOI: 10.1115/1.4000928�
Introduction
Particle reinforced composites are ubiquitous in nature yet their

ehavior is not completely well understood. For instance, hard
anoparticles dispersed in a much softer matrix leads to dramatic
mprovements in the elastic properties. The bone in vertebrate
nimals is an example of a natural composite where thin platelets
f hydroxyapatite �5–6 nm thick and several tens of nanometers in
ateral dimension� are embedded in a proteinaceous organic ma-
rix �1�. This is also the case of dentin, the calcified tissue of teeth,
here a collagen rich matrix is reinforced by calcium phosphate

rystals �2�. The shells of mollusks constitute another interesting
xample. The abalone shell is in fact composed by stacked thin
latelets of calcium carbonate �200–300 nm thick� interconnected
hrough an organic glue �3�. Wood, too, can be considered as a
atural composite with its cellulose fibrils �5–20 nm in diameter
nd several hundred of nanometers in length� embedded in a non-
ellulosic matrix �4�. Interestingly, the natural composites listed
bove use particles with high aspect ratios, either in the platelet or
bril form. For manmade materials, composites containing par-

icles with small aspect ratios �spherical and ovoidal particles�
ere studied extensively �5�. However, dramatic improvements in
echanical properties have been again achieved by incorporating

n polymeric matrix a few weight percentages of particles with
arge geometrical anisotropy, as in the case of exfoliated clay min-
rals �about 1 nm thick and 30 nm and more lateral dimension �6��
nd carbon nanotubes �both in the single and multiwalled configu-
ation �7��.

The properties of particle-filled composite materials depend on:
i� the original properties of the matrix and particle; �ii� dispersion
nd concentration of the particles filled in the matrix; �iii� secure
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bonding at the interface between the particle filler and the matrix;
and �iv� on the geometrical features of the particle, in particular,
the size and the shape. The scope of this article is to provide a
framework using the notion of a geometrical anisotropy index to
understand the effect of particle shapes on the mechanical prop-
erties of composites with polymeric matrix embedded with stiffer
particles. Toward this objective, in the subsequent sections, we
first briefly describe the theory used in our analysis and then in-
troduce a new anisotropy measure to quantify the particle shape,
and establish its relationship with the effective elastic constants of
the material.

2 Theory
Consider a biphase composite with a matrix of stiffness Cm,

particles of stiffness C f, and volume fraction �. According to the
effective medium �EM� theories �8�, the effective stiffness may be
expressed as follows:

Ceff = Cm + ���C f − Cm�T̂� �1�

where � . � indicates the orientational averaging, and T̂ is defined
as

T̂ = �I + Ê�Cm�−1�C f − Cm��−1 �2�

with I being the fourth rank identity tensor and Ê as the strain
concentrator defined as follows for the equivalent poly-inclusion
�EPI� and the Mori–Tanaka �MT� �9� approaches:

Ê = �1 − ��E�EPI� �3a�

Ê = �1 − ��E + ���T�T−1 − I��C f − Cm�−1Cm�MT� �3b�

In the above, E represents the Eshelby’s tensor �10,11� that ac-
counts for the shape of the particle and the Poisson’s ratio of the
matrix, while T= �I+E�Cm�−1�C f −Cm��−1 represents the concen-
trator for the limiting case of a single anisotropic ellipsoidal par-
ticle embedded in an infinite matrix. For randomly oriented par-
ticles in an isotropic matrix, �T�T−1=I, and thus, the MT and EPI
theories, predict identical results. Using Eqs. �2�, �3a�, and �3b� in
Eq. �1�, the effective elastic properties of the biphase composite
can be determined. Although we restrict our discussion to the EPI

and MT approaches, our development can be easily extended

JULY 2010, Vol. 77 / 041017-110 by ASME
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longside any EM theory. We believe that the essential physics of
he problem under consideration is unaffected by the choice of the
M approach used.

Particle Shape and Geometrical Anisotropy
Consider ellipsoidal particles �semiprincipal axis a1, a2, and a3�

niformly distributed in a softer matrix. By changing the ratios
1=a1 /a3 and k2=a2 /a3, while keeping fixed a3=1, different
hapes for the particle can be identified, ranging from elongated
rolate spheroids �k1 ,k2�1� to thin oblate spheroids �k1 ,k2�1�,
assing through the classical spherical shape �k1=k2=1�. Moti-
ated by the definition of material anisotropy index recently pro-
osed in Ref. �12�, we introduce a parameter A to quantify the
eometrical anisotropy of the particle as

A = 3� aAM

aHM
− 1� � 0 �4�

here aAM = 1
3 �a1+a2+a3� and aHM

−1 = 1
3 �a1

−1+a2
−1+a3

−1� represent
he arithmetic and the inverse harmonic means of the semiprinci-
al axis, respectively. Rewriting Eq. �4� in terms of the ratios k1
nd k2, it follows

A =
1

3
�1 + k1 + k2��1 + k1

−1 + k2
−1� − 3 � 0 �5�

he parameter A is infinitely large for a flat penny �k1 ,k2→��
nd for a needle �k1 ,k2→0�, while zero is for a sphere. A can be
sed to quantify the departure of the particle shape from that of a
phere, thus justifying the definition of geometrical anisotropy. In
ig. 1, a contour plot for A is presented as a function of k1 and k2.
he contours are symmetrical about the line k1=k2, and for a
iven volume of the particles �k1k2=c�, there are two possible
hoices of �k1 ,k2� resulting in the same A.

Discussion
Following the methodology discussed in the previous sections,

he effective elastic constants can be computed as a function of the
arameters k1 and k2, as shown in Figs. 2�a� and 2�b�. The results
re presented for a composite material with poly�propylene� fu-
arate �PPF� matrix and silicon particles. The combination of

hese materials is currently being used for bone reconstruction,
nd the material properties are listed in Table 1. The contour lines
re surprisingly similar to the iso-A plots in Fig. 1, exhibiting the
ame characteristic drop shape, and are symmetrical with respect
o the k1=k2 line. Moving on such a line from the spherical case

11

11

11

22

22

22

22

33
33

33

33

33

33

44
44

44

55
55

55
55

aa11//aa33

aa 22
//aa
33

AAnniissoottrrooppyy

11 22 33 44 55 66 77 88

11

22

33

44

55

66

77

88

ig. 1 Contours of constant geometric anisotropy index A in
he „k1 ,k2… space
k1=k2=1� toward larger values of k1�=k2�1�, the spheroidal par-
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ticle becomes more and more oblate, and in the limit, degenerates
into an infinitely thin disk �flat penny: k1=k2→��, whereas mov-
ing in the opposite direction toward smaller values of k1�=k2
�1�, the spheroidal particle becomes more and more prolate, and
in the limit, degenerates into an infinitely long thin cylinder
�needle: k1=k2→0�. From the analysis of Figs. 2�a� and 2�b�, it
can be inferred that the elastic constants of the composite material
increase as the geometry of the particle deviates from that of a
sphere �i.e., as the geometrical anisotropy increases�, and the ab-
solute minimum is predicted to occur for spherical particles �geo-
metrically isotropic�. Clearly, the mechanical properties improve
as � increases and as the particle becomes geometrically aniso-
tropic. Given the striking similarity between the contours of Figs.
1 and Figs. 2�a� and 2�b�, it is then intriguing to speculate that the
elastic properties of the composite material could be simply de-
rived by appropriately scaling the contours of A. To assess this
point, the normalized elastic properties of the composite material
are plotted in Figs. 3�a� and 3�b� as a function of A and for
different �. The elastic properties are normalized with respect to
those of a composite material with spherical particles �A=0�. The
plots in Figs. 3�a� and 3�b� show a quite accurate linear relation-
ship between the normalized elastic moduli and A. An explicit
scaling expression can be derived, relating the normalized E and
G to A with the general form
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Fig. 2 „a… Iso-E „GPa… contours in the „k1 ,k2… space for �
=0.01 and 0.2. „b… Iso-G „GPa… contours in the „k1 ,k2… space for
�=0.01 and 0.2.

Table 1 Material properties †13‡

Material
Bulk modulus K

�GPa�
Shear modulus G

�GPa�

PPF �matrix� 0.265 0.1223
Silicon �particle� 99.23 67.1
Transactions of the ASME
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here g��� represents the appropriate scaling function �slope of
he lines in Figs. 3�a� and 3�b� that strongly depends on �. Esph���
nd Gsph��� correspond to the lower Hashin–Shtrikman bound
14,15�. The above scaling relationship implies that for A��10�,
he differences between prolate and oblate spheroids are minimal.
he results presented so far have been verified to be independent
f the material combination used.

Equation �6� clearly shows a steady linear increase in the me-
hanical properties of the composite with the geometrical aniso-
ropy of the particle. However, both thin oblate spheroids �plate-
ets� and long prolate spheroids �fibril� are characterized by large
alues of A. The question naturally arise whether platelets are
ore effective than fibrils in improving the mechanical response

f composites. This is analyzed by generating iso-contours of the
rolate-oblate ratios of the shear �GP /GO� and Young’s modulus
EP /EO� as a function of � and A, as illustrated in Figs. 4�a� and
�b�. The following distinct regions can be readily identified.

�a� For 0� log10�1+A��1, there is no distinction whether
we use prolate or oblate particles.

�b� For 1� log10�1+A��2.3, the use of prolate particles give
higher elastic properties.

�c� For log10�1+A��2.3, oblate particles give better elastic
properties, and the contours asymptotically approach to a
constant value depending on �.

The peak value occurs when log10�1+A�
1.73, and the transi-
ion point beyond which the use of oblate particles yields higher
lastic properties is essentially independent of the particle volume
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ig. 3 „a… Normalized elastic moduli of the composite material
s a function of A and �. „b… Normalized shear moduli of the
omposite material as a function of A and �.
raction. The transition occurs when log10�1+A �
2.3.
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5 Conclusions
A single parameter A has been introduced to quantify the geo-

metrical anisotropy of the particle. For ovoidal particles, the ef-
fective stiffness scales linearly with A. There is an intermediate
region of A, for which the use of fibrils provide higher stiffness,
although much higher stiffness can be obtained by using platelets
with large A consistent with our observations in nature. On a final
note, although the emphasis of this article has been on elastic
properties, the notion of geometrical anisotropy is more generic
and is applicable universally.
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